In this work, we study constant-roll inflation driven by a scalar field with non-minimal derivative coupling to gravity, via the Einstein tensor. This model contains a free parameter, η, which quantifies the non-minimal derivative coupling and a parameter α which characterize the constant-roll condition. In this scenario, using the Hamilton-Jacobi-like formalism, an ansatz for the Hubble parameter (as a function of the scalar field) and some restrictions on the model parameters, we found new exact solutions for the inflaton potential which include power-law, de Sitter, quadratic hilltop and natural inflation, among others. Additionally, a phase space analysis was performed and it is shown that the exact solutions associated to natural inflation and a "cosh-type" potential, are attractors.
Introduction
Inflation is a stage of the early universe in which it exhibits a quasi-de Sitter phase during a very short time (∼ 10 −33 s) and at very high energy scales (∼ 10 16 eV ) after the Big Bang. The inflationary paradigm is currently considered as a part of the standard modern cosmology. This paradigm was introduced in the early 1980's to resolve some problems that the Hot Big Bang model of the universe can't explain (e.g., the horizon, the flatness, and the monopole problems, among others). [1] [2] [3] [4] On the other hand, inflation makes predictions about properties of the current universe which have been confirmed by numerous cosmological and astrophysical observations (e.g., the temperature fluctuations in CMB spectrum, [5] [6] [7] the existence of large scale structures, [8] [9] [10] [11] and the nearly scale invariant primordial power spectrum [12] [13] [14] ).
The simplest scenario to explain the dynamics of inflation consists of introducing a single scalar field (dubbed inflaton) minimally coupled to gravity and with a nearly flat potential, namely, the potential energy of the field dominates over their kinetic term. Under this condition, it has the so-called slow-roll inflation (for more details about this topic see Refs. 15 and 16) . On the other hand, it is also possible to consider the inflaton non-minimally coupled to gravity via the Ricci scalar, the Ricci tensor, the Gauss-Bonnet invariant, etc, which have been widely studied in the literature in distinct scenarios. All these theories (with minimal or non-minimal couplings to gravity) are known as scalar-tensor theories of gravitation (see e.g. Ref.
17 for a review). In this context, the most general scalar-tensor theory that produces second-order equations of motion was found by Horndeski. 18 A subclass of the Horndeski models, are theories in which the non-minimal derivative coupling (NMDC) with the Einstein tensor is taken into account. But, at present, these theories are not good candidates to explain dark energy (DE), since the detection of an electromagnetic counterpart (GRB 170817A) to the gravitational wave signal (GW170817) from the merger of two neutron stars, showed that the speed of gravitational waves (GW) c t is the same as the speed of light, within deviations of order 10 −15 for the redshift z < 0.009 (see Refs. 19 and 20) . Contrary to this result, the theories with NMDC predict a variable GW speed at low redshift. In general, the above imposes stringent constraints on dark energy models constructed in the framework of scalar-tensor and vector-tensor theories. Nevertheless, this restriction does not apply to high redshift values, thus, these scalar-tensor theories with NMDC could be used in an inflationary context (for a recent review about this topic see Ref. 21) . In the literature, there are several works on inflation with a NMDC. [22] [23] [24] [25] [26] Usually, these models have been studied in the context of slow-roll inflation (see e.g. Refs. 27 and 28 for more details), but in the last years, a new route has been considered in the literature instead of slow-roll inflation. In this new scenario, the slow-roll inflation is replaced by the more general, constant-roll condition. In these models the scalar field φ is assumed to satisfy the constant-roll conditionφ = −(3 + α)Hφ, where H is the Hubble parameter and α is an arbitrary constant. one can see that the usual slow-roll inflation occurs if α = −3 while the "ultra-slow-roll" case corresponds to α = 0. Constant-roll inflation was originally introduced in Ref. 29 and recently it attracted a lot of interest.
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In this work we use the constant-roll condition in a model of inflation with NMDC to the Einstein tensor, we also use the Hamilton-Jacobi-like formalism, an ansatz for the Hubble parameter (as a function of the scalar field) and some restrictions on the model parameters. From the above, we find new exact solutions for the inflaton potential. This paper it is organized as follows: in section 2 we introduce the scalar-tensor model of inflation with non-minimal derivative coupling to gravity, via the Einstein tensor, and the corresponding field equations are obtained. In section 3, we consider a flat FRW universe and a homogeneous scalar field, and from these considerations, general expressions for the equation of motion and the total energy momentum tensor are obtained. In section 3 we consider the constant-roll condition and we use the Hamilton-Jacobi-like formalism, an ansatz for the Hubble parameter (as a function of the scalar field) and some restrictions on the model parameters, to find new exact solutions for the inflaton potential. In section 4 we realize a phase space analysis, and some conclusions are exposed in section 5.
The model
The action for the scalar field with the kinetic term non-minimally coupled to Einstein tensor is
where M 2 pl = (8πG) −1 is the reduced Planck mass, g µν is the metric tensor,
Models with a NMDC similar to Eq. (1) have been widely studied in the literature in a cosmological and astrophysical context. [43] [44] [45] [46] [47] In cosmology, usually, they have been used to explain inflation and dark energy problems. However, recently these models have been discarded in the context of dark energy, since they predict a variable GW speed at low redshift (which is contrary to the gravitational waves measurements lately realized 19, 20 ). In the inflationary context, there are several works on inflation with a NMDC, for example, in Ref. 23 , the author studied observational constraints on a number of representative inflationary models with a field derivative coupling to the Einstein tensor. In Refs. 24 and 25 the authors derive the general formulae for the the scalar and tensor spectral tilts to the second order for the inflationary models with NMDC taking into account high friction limit and without it. In Ref. 27 , the authors investigate the slow-roll inflation in the NMDC model with exponential, quadratic, and quartic potentials. Finally, in Ref. 26 the authors investigate inflation with NMDC through the Hamilton-Jacobi formalism.
The variation of the action, Eq. (1), with respect to the metric tensor g µν gives the field equations
where T
(φ)
µν and Θ µν are given by
On the other hand, the variation of the action with respect to the scalar field, gives the equation of motion
Constant-roll inflation with NMDC
In this section we use the constant-roll condition in the background equations obtained in the previous section. To this aim, the first step is to consider a flat, homogeneous and isotropic universe whose metric is given by Friedmann-Robertson-Walker (FRW) metric:
where a(t) is the scale factor. Using in Eqs. (2) and (5), the FRW metric and considering that the scalar field is homogeneous (φ ≡ φ(t)), we obtain the Friedmann equations
and the scalar field equation
where a dot denotes differentiation with respect to cosmic time t.
Usually, to solve the system of equations (7)- (9) in an inflationary context, it's a common practice to use the slow-roll parameters defined as
which control the inflationary dynamics. Additionally, the slow-roll conditions |ǫ| ≪ 1 and |δ| ≪ 1 are imposed. In this work, let's consider that the second slow-roll condition is violated. In this sense, we use the constant-roll condition given by
where δ ≡ 3 + α and α an arbitrary constant. In order to solve the system of equations (7)- (9) with the condition (12), we consider the Hubble parameter as a function of the inflaton field H = H(φ) and use the Hamilton-Jacobi-like formalism. 30 Thereby, sinceḢ =φ dH/dφ, and using Eq. (12), we can rewrite (8) as
which can be solved with respect toφ, so thaṫ
Notice that in Eq. (14) there are two possible solutions toφ. In this case, the right solution corresponds to the negative sign (since for η = 0 the present model is reduced to the model analyzed in Ref. 30 ).
Differentiating Eq. (14) with respect to t and using Eq. (12), we obtain
where, for simplicity, we
. It is evident that this non-linear differential equation for H(φ) is very complicated, and finding exact solutions for it is a hard task. Nevertheless, we know that for η = 0, Eq. (13) is reduced to
in this case, Eq. (15) becomes
and the general solution of this equation is 
In a similar way, we will use this ansatz at the present model (changing n by η).
Replacing the ansatz (19) in Eq. (15) and after some simplifications, we obtain the following system of algebraic equations: 
We now proceed to analyze the above solutions.
Solution (a) {C 1 = 0}
In this case Eq. (19) reduces to where the choice C 2 = M was made (the mass M determines both the energy scale at which inflation occurs and the amplitude of the primordial fluctuations). Besides, in Eq. (26), λ(η) and α are arbitrary quantities. In this case, for α < −3 and λ(η) a real number, the solution (26) has not physical meaning. Conversely, for α > −3 and λ(η) a real number, the solution (26) is viable, and from Eq. (7), we obtain
where γ ≡ M 2 η is a dimensionless parameter and β = −λ(η)
For suitable values of the model parameters, the potential (27) represents a power-law-type inflation (see Fig. 1 ). In addition, if η → 0 and λ = −1, we have the power-law potential reported in Ref. 30 , but it is ruled out by the authors (since it does not satisfy the observational constraints). In Ref. 23 the author studied observational constraints on a number of representative inflationary models with NMDC, and in particular, he showed that exponential potentials (i.e., V (φ) = V 0 e βφ/M pl , where V 0 and β are constants) can be made compatible with the current observational data. However, in our case the potential (27) is more complicate and it would be necessary to investigate the most recent observational constraints on model parameters.
Solutions (b) {α = −3} and (c) {λ = 0}
Continuing with the analysis, Eq. (19) reduces to a constant and therefore these solutions represent the de Sitter universe.
In this case Eq. (19) has not physical meaning.
Solution (e) {λ
This solution is more interesting. In this case, considering the positive sign in λ, Eq. (19) takes the form
where λ(η) = √ 1 + 8C 1 C 2 η. An identical result is obtained using the negative sign for λ. Now, we consider the case C 1 = C 2 = M/2 (a similar consideration was carried out in Refs. 30 and 38), then (28) becomes
where the restriction 1 + 2γ > 0 (or γ > − 1 2 ) has been considered.
The potential V (φ) is obtained replacing Eqs. (14) and (28) in Eq. (7), so that
The potential (30) represents a general case of natural inflation (see Fig. 2 ). Considering φ near to origin, the potential (30) reduces to hilltop inflation, 48 namely
and to guarantee the hilltop inflation, 1 + 6γ > 0. Additionally, in Ref. 30 the authors showed that a similar model to that given by Eq. (30) is observationally viable.
In other words, replacing Eq. (29) in Eq. (14), we obtain
The integration constant that arises in (32) has been removed, since its contribution does not change the form of the function φ(t). But, in general, t must be replaced 
from the defnition H =ȧ/a, we have
Additionallyä(t) > 0, so the model can describe an inflationary regimen. Eqs. (32)- (34) are similar (taking α = −4) to those reported in Ref. 30 . It is easy to check that if M t → −∞ then (φ(t),φ(t)) → (0, 0) and H → M , which guarantees that these functions exhibit a good behavior under these conditions (i.e. are bounded functions).
On the other hand, for 1 + 2γ < 0 (which implies that γ < − 1 2 ), the "cos" function must be replaced by "cosh" and 1 + 2γ by |1 + 2γ| in Eq. (29) , namely The potential V (φ) is
and
Also, in this caseä(t) > 0 and in general,
then (φ(t),φ(t)) → (0, 0) and H → M . In Fig. 3 we can see the potential given by Eq. (36) .
Next, we consider the choice C 1 = M/2 and C 2 = −M/2 in Eq. (28) . In this case, for 1 − 2γ > 0 (or γ < C), and determine it according to an arbitrary initial condition. So, in Fig. 5 we display the phase space diagram associated to the solution given by Eq. (35) , in which we see a typical attractor behavior where the trajectories converges to φ = 0 andφ = 0. This implies that the inflaton approaches to the global minimum of the potential at φ = 0 (see Fig. 3 ). Furthermore, for various initial conditions and for small values of the variables (φ,φ), all trajectories overlap. The trajectories are separated for larger values of the variables. By last, the inflationary solutions studied above, fulfill the first slow-roll condition |ǫ| ≪ 1 (see Fig. 6 ).
Conclusions
In this work, we have studied a scalar-tensor model of inflation in which the action for the scalar field has the kinetic term non-minimally coupled to Einstein tensor (NMDC). In this context, instead of using the usual slow-roll approximation to analyze the inflation dynamics, we have used the constant-roll condition given by Eq. (12), also, using the Hamilton-Jacobi-like formalism, an ansatz for the Hubble parameter (see Eq. (19)) and some restrictions on the model parameters, we found new exact solutions for the inflaton potential, which include power-law, de Sitter, quadratic hilltop and natural inflation, among others. For natural inflation, is necessary that the restriction γ > − 1 2 is satisfied, and for hilltop inflation the restriction is γ > − 1 6 . The restriction for the potential given by Eq. (36) is γ < − 1 2 . Also, a phase space analysis was performed and it was shown that the exact solutions given by Eqs. (29) and (35) are attractors (see Figs. 4 and 5 ) . Also, these inflationary solutions fulfill the slow-roll condition |ǫ| ≪ 1 (see Fig. 6 ). Aside from this, to decide if the phenomenological inflationary solutions found in this work are viable or not, it's necessary to investigate in detail the most recent observational constraints on model parameters (like those studied in Refs. 31 and 23) and also, a full analysis of the evolution of scalar and tensor perturbations like that studied in Ref. 30 must be performed. But that kind of analysis is beyond the scope of the present work and could be addressed later. Finally, we must emphasize that the main goal of the present work was to find new exact constant-roll inflationary solutions derived from the ansatz (19) , therefore, it's possible that other solutions may exist for this model. 
